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Abstract—To evaluate internal thorough material character-
istics in deformation, we proposed an analysis method which
obtains displacement vectors of dispersed particles between
deformation from nano-order 3D-CT images. In this paper,
we introduce an improved approach to achieve more robust
matching and eliminate the need to tune some parameters. To
confirm the effectiveness of the improved approach, virtual tensile
tests are carried out. Precision is achieved more than 99% at
every matching between adjacent load steps.
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I. INTRODUCTION

In material engineering, it is widely recognized that Defor-
mation / Fracture (D/F) characteristics are important because
these characteristics prove the safety of developed materials.
D/F characteristics are analyzed by the load required to break
the material, and the deformation caused by the load. Tra-
ditional methods, which include the grid method [1], [2], the
strain gage method [3], [4], [5] and the optical (Moiré) method
[6], [7], [8], are restricted to surface strain. However, as
shown in Fig.I, micro-scale internal structures such as bubbles
(pores), dispersed particles and cracks are contained in the
material. Actually, more than ten thousand of them in 1mm3

affect D/F characteristics. These structures are critical to the
functionality of bumper materials for absorbing accidental
shocks, or turbine materials of nuclear power plants. Moreover,
the D/F characteristics on the surface do not relate to those on
the inside. Therefore, it is required to analyze nano-scale D/F
characteristics inside materials.

As non-destructive inspection, the method using X-ray and
ultrasonic 3D-Computed Tomography (CT) have been quoted.
Recently, SPring-8, the third generation synchrotron radiation
facility, enabled to take shape 3D-CT images of materials with
nano-order resolution (Figures 2 and 3) [9].
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Fig. 1. Internal structures inside a material

To evaluate thorough D/F characteristics from nano-order
3D-CT images, Wert observed displacement vectors of im-
planted foreign particles as markers [10]. However, in terms
of penetration of X-rays, the implantable markers are limited
in size. Moreover, the markers have the possibility of affecting
the original material characteristics.

In contrast, we have proposed an analysis method by obtain-
ing displacement vectors of actual internal structures between
deformation [11]. Fig.4 shows the flowchart of our proposed
method. Internal structures are extracted from 3D-CT material
images both before and after deformation. Then matching
between deformation is carried out in order to obtain the
displacement vectors of the internal structures. However, these
vectors include the translation and the rotation of the material.
Therefore, 3D strain distribution is acquired to evaluate the
D/F characteristic of the material. The method for extracting
internal structures and for acquiring 3D strain distribution are
already constructed [11]. Hence, we focus on matching.

Fig. 2. 3D-CT images of a trial material

Fig. 3. Pores inside Fig.2
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Fig. 4. Flowchart of our proposed method

Particle Image Velocimetry (PIV) obtains average displace-
ment vectors of particles between images. PIV includes the
direct cross-correlation method [16] and the FFT-based cross-
correlation method [17]. However, PIV cannot apply to match
internal structures because a material position is unfixed during
a test. In nano-order observation, great translation and rotation
occur by a little factor. Furthermore, 3D-PIV is more difficult
than 2D-PIV because a cross-correlation peak weakly appears.
Meanwhile, Particle Tracking Velocimetry (PTV) obtains dis-
placement vectors of particles between images. PTV includes
the method by a genetic algorithm [18] and by a neural
network [19]. However it is difficult to match more than ten
thousand internal structures because of long processing time
and complex parameter tuning.

In actual materials, dispersed particles are deformation-
proof and may be various in form. Additionally, their dis-
placement must obey material mechanics. Therefore, to match
more than ten thousand dispersed particles, we have suggested
a stratified matching approach. Dispersed particles larger than
a volume threshold Vth voxels were classified as landmarks.
The others were non-landmarks. Landmarks were matched by
the relaxation method [12] to obtain approximate displacement
of a material. To match non-landmarks between deformation,
Radial Basis Function Transform (RBFT) [13] estimated their
displacement vectors based on those of landmarks. This non-
landmark matching gave dense displacement distribution of a
material.

In the paper [11], approximately six thousand dispersed
particles were matched between simulated deformation in
order to verify the stratified matching approach. Successful
results proved the effectiveness of the approach. However, the
approach has two problems. First, matching results depend on
the volume threshold of landmarks Vth. A optimal Vth needs to
be given. Second, a parameter of RBFT changes the estimated
displacement vectors of non-landmarks. The parameter was
roughly determined by a simple search method based on the
spring model [14].

To solve the above problems, we introduce an improved
method in this paper. The method prepares a number of

volume thresholds. Then matching by using each threshold
is conducted in parallel. After that, the best matching results
is adopted. The parameter of RBFT is strictly optimized by
Particle Swarm Optimization (PSO) [15]. Furthermore, some
techniques are added in order to achieve more robust matching.

II. LANDMARK MATCHING

Dispersed particles larger than a volume threshold Vth

voxels are classified as landmarks.

A. Relaxation Method

The relaxation method [12] is employed to match landmarks
between deformation. This method is under the assumption
that ”if a certain landmark is mismatched, its neighborhoods
cannot be matched, either”. Yamamoto developed this method
to apply to recognize handprinted Kanji characters [20]. The
method was also used for velocity field estimation on sea
surface [21], facial parts detection [22] and content-based
image retrieval [23].

Here, the number of landmarks before and after deformation
are N and M . The set of landmarks before and after defor-
mation are expressed as A = {a1, a2, · · · , aN } and B =
{b1, b2, · · · , bM}, respectively. Then a probability vector be-
tween ai and B is expressed as pi =

[
pi(1), · · · , pi(M)

]
∈ RM .

Probability is always positive and satisfies
∑

k′ pi(k′) = 1. The
set of N probability vectors constitutes a probability matrix
between A and B p = [p1, · · · ,pN ]T ∈ RN×M .

1) Initialization of the Probability Matrix: If a volume
change between ai and bk is markedly great, then pi(k) should
be zero; otherwise, it is given the same probability as the others
(Eq.1).

p0′

i(k) =

{
1 if

∣∣∣Vk−Vi
Vi

∣∣∣ ≤ RC
0 otherwise

,

p0
i(k) =

p0′

i(k)∑
k′ p0′

i(k′)

, (1)

where Vi and Vk are the volume of ai and of bk respectively.
Additionally, we define an allowable volume change RC in
order to ignore the matching relations which are markedly-
great volume changes.

2) Renewal of the Probability Matrix: pi(k) is renewed by
a renewal coefficient qi(k) as shown in Eq.2.

pt+1
i(k) =

qi(k)p
t
i(k)∑

k′ qi(k′)pt
i(k′)

, (2)

qi(k) =
∑

j∈ζi

max
l

(
γij (k, l) pt

j(l)

)
, (3)

γij (k, l) = max
(

1 − 1
W

eij (k, l) , 0
)

, (4)

eij (k, l) =
‖dkl − dij‖

‖dij‖
. (5)

qi(k) represents the conformity with the neighborhood set of
ai, provided that ai matches bk. To define the neighborhood
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s1 : Spring vector from a landmark to the neighborhoods
sa : Spring vector between the neighborhoods

Fig. 5. Spring model

set ζi, Qhull[24] constructs undirected graphs G by gen-
erating Delaunay tetrahedrons from A. Then, let ζi denote
{aj′ | [ai, aj′ ] ∈ G, i %= j′}. To find the likeliest-matching
candidate bl of a neighborhood aj , the product of γij (k, l)
and the present probability pt

j(l) is calculated for each land-
mark after deformation. The landmark after deformation which
has the maximum product is regard as the candidate bl.

As shown in Eq.3, qi(k) is obtained by summing the above
maximum product of each neighborhood. Here, γij (k, l) is
the evaluation function of matching ai ↔ bk and aj ↔ bl.
This function is a decreasing function, which is calculated
from the ratio of expansion and contraction eij (k, l) in Eq.5.
As shown in Eq.4, when eij (k, l) is 0, γij (k, l) becomes 1
as the maximum value. On the other hand, when eij (k, l) is
over a ratio W which is given in advance, γij (k, l) becomes
0.

If the sum of the absolute differences of probability ∆i =∑
k′

∣∣∣pt+1
i(k′) − pt

i(k′)

∣∣∣ is below a threshold δ, pi can be con-
sidered to be converged. ai matches the one which has the
highest probability in B.

B. Deletion of Overlap Matching
When two or more landmarks before deformation match

one after deformation, it is obvious that mismatching occurs
in landmarks before deformation (overlap matching). When
this overlap matching occurs, Ei is evaluated based on the
spring model (Fig.5, Eq.6).

Ei =
1
N

∑

s∈ζi

‖d′
is − dis‖
‖dis‖

+

1
M

∑

s,t∈ζi,s #=t

‖d′
st − dst‖
‖dst‖

, (6)

where N is the total number of the neighborhoods. M is the
number of 2-combinations from the neighborhoods, namely
M = NC2. Ei consists of the sum of two average ratios
of expansion and contraction. The left term of Eq.6 is that
from a landmark to its neighborhoods and the right one is that
between the neighborhoods.

The landmark before deformation which has the minimum
Ei matches the one after deformation. The others are rejected.
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p : Position vector of a non-landmark before deformation
pi : Position vector of a landmark before deformation
p′i : Position vector of a landmark after deformation
u : Estimated displacement vector of a non-landmark
ui : Displacement vector of a landmark
ci : Weighting coefficient

Fig. 6. Radial Basis Function Transform

III. NON-LANDMARK MATCHING

The displacement vectors of non-landmarks are estimated
by those of landmarks.

A. Vector Estimation by RBFT and Matching

In order to estimate 3D displacement vectors, Radial Basis
Function Transform (RBFT) [13] is employed. A radial basis
function (RBF) is a monotonically decreasing function as
shown in Eq.7.

g(r) = exp(−kr), (7)

where k is a parameter to adjust the RBF. The RBF is used
to weight interpolation coefficients corresponding to distances
between a non-landmark and landmarks. The principle of the
RBFT is explained as follows.

First, an interpolation coefficient c = {c1, · · · , cN} can
be calculated as Eq.8 because both the displacement vectors
of landmarks and the distances between landmarks before
deformation are already known.

ui =
N∑

j=1

cjg(‖pi − pj‖), (8)

where N is the number of landmarks. Note that the interpola-
tion coefficient of a landmark cj has three components along
the x-, y- and z-axes.

The matrix representation of Eq.8 is given in Eq.9. As
shown in Eq.10, we multiply both sides of Eq.9 by the inverse
of the RBF matrix to obtain the interpolation coefficient
matrix.




ux1 . . . uxN

uy1 . . . uyN

uz1 . . . uzN



 =




cx1 . . . cxN

cy1 . . . cyN

cz1 . . . czN








g(‖p1 − p1‖) . . . g(‖pN − p1‖)

...
. . .

...
g(‖p1 − pN‖) . . . g(‖pN − pN‖)



. (9)
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


cx1 . . . cxN

cy1 . . . cyN

cz1 . . . czN



 =




ux1 . . . uxN

uy1 . . . uyN

uz1 . . . uzN








g(‖p1 − p1‖) . . . g(‖pN − p1‖)

...
. . .

...
g(‖p1 − pN‖) . . . g(‖pN − pN‖)





−1

.

(10)
Then, the displacement vector of a non-landmark u can be
estimated from the obtained interpolation coefficient c and the
distances between the non-landmark and landmarks. The 3D
vectors can be calculated by matrix operation as in Eq.12.

u =
N∑

i=1

cig(‖p − pi‖). (11)




ux

uy

uz



 =




cx1 . . . cxN

cy1 . . . cyN

cz1 . . . czN








g(‖p − p1‖

...
g(‖p − pN‖)



 . (12)

The non-landmark before deformation matches the one after
deformation which is the nearest from the estimated position.

When overlap matching occurs, non-landmark before de-
formation which has the minimum norm between a matching
and the estimated vector matches that after deformation. The
others are rejected.

B. Optimal Decision of k

In Eq.7, k is the parameter to adjust a RBF. Changing k
affects estimated vectors and even matching results; therefore,
it is essential to determine an optimal k.

1) Restriction of the Searching Range: k is a positive value;
however, it is unnecessary to search all range of k because
RBFT does not work when k approaches limit values. The
reason is explained as follows. When k approaches +0, all
elements of the RBF matrix of Eq.9 are 1. The displacement
vector u cannot be obtained because the inverse matrix
does not exist. Meanwhile, the RBF matrix of Eq.12 as k
approaches +∞ is 0. It is obvious that the displacement vector
u is 0.

In our study, k is restricted by using the RBF matrix of Eq.9.
The range of k is determined to satisfy that all off-diagonal
elements of the RBF matrix are neither 1 nor 0.

2) Optimal Decision by PSO: Particle Swarm Optimization
(PSO) [15] is an optimization method based on the idea of
swarm intelligence. PSO consists of some individuals (candi-
date solutions), each of which has its position and velocity.
The individuals search an optimal position while sharing
information with the others. The position of each individual is
evaluated by a fitness function. PSO has advantages of fewer
parameters than other methods and robust solution searching
for continuous values. The procedure of PSO is described as
follows.

First, individuals are randomly set in a search space. Then,
as shown in Eq.13 and Eq.14, the position xi and the velocity
vi of each individual are renewed by its own best position ever
(local best: li) and the best position in all individuals (global
best: g).

xi (t + 1) = xi (t) + vi (t + 1) , (13)
vi (t + 1) = ωvi (t) + C1λ1 (li − xi (t))

+C2λ2 (g − xi (t)) , (14)

where ω named ”inertia” is set to a value near 1. C1 and C2

are weighting coefficient for the local and the global bests
respectively. Both coefficient are set to 2.0. λ1 and λ2 are
random values from 0.0 to 1.0.

To apply PSO to search the optimal k of the RBF, the fitness
function of k: f (k) has to be defined. Here k is expressed as
the common logarithm because k is the exponential index. We
define f (k) as the sum of norms between the matching and
the estimated vectors of each dispersed particle. To determine
an optimal k, PSO searches k which minimizes a function
value in the restricted range.

IV. MATCHING PARALLELIZATION

In the previous work [11], it is already known that matching
results depend on the volume threshold of landmarks Vth.
Therefore, we prepare a number of volume thresholds. Then
each matching by using each volume threshold is performed in
parallel. In addition, mismatch landmarks negatively affected
non-landmark estimation. Therefore, the estimation is iterated
while a percentage of landmarks is randomly selected.

Matching results are evaluated by using the spring model
described in Subsection II-B. The displacement vectors of
rejected dispersed particles before deformation are estimated
by RBFT as if the particles were at the estimated position in
the material after deformation (Fig.8).

The best matching result is adopted by evaluating how small
average ratios of expansion and contraction are.

V. EXPERIMENTS

A. Experimental Outline
In actual tests, our proposed method cannot be evaluated

because it is almost impossible to obtain the correct matching
answer between deformation due to too many numbers of dis-
persed particles. Consequently, simulated tests were conducted
instead of actual tests.

A model before deformation contained twenty thousand
dispersed particles. The dispersed particles were randomly set.
Their volumes were given based on the volumetric distribution
of approximately seventeen thousand dispersed particles in
an actual 2024-aluminum, the 3D-CT image of which was
taken in SPring-8. Experimental environment was assumed as
follows: the model size was 0.6 × 0.6 × 0.65mm3, a 3D-CT
image resolution was 0.5mm3/voxel and an imaging range
was 1700 × 1700 × 1312voxels.

We attempted to make the tests close to actual tests by
considering both global and local displacement of a material.
Additionally, volumetric errors in actual observation were also
simulated. In this simulation, artifacts and disrupted particles
were excluded because they occur in a limited situation. The
details of the simulation are described as follows.
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Fig. 8. Evaluation of matching results

1) Global Deformation
Plastic deformation of aluminum alloy was simulated
in tensile test. The simulated model homogeneously
deformed from load step 0% to 10%. After that, a
necking occurred in the model like an actual aluminum.
The necking geometry was given as a Gaussian curve.
In a cylindrical coordinate system of r, θ and z, a
strain function along the r-axis εr (r, θ, z) is expressed
as Eq.15.

εr (r, θ, z) = a exp
(
−(z − b)2

2(c/3)2

)
, (15)

where z corresponds to the tensile direction. Three
parameters a, b and c dominate the value of εr (r, θ, z).
The parameter values of each load step are shown in
Table.I.
The strain along the z-axis was calculated under the
constant-volume condition with the constant strains and
symmetrical condition. The parameter setting of when
b=0 and c=Inf. means homogeneous deformation with-
out a necking. The dispersed particles were changed
their position by simulated material plastic flows.

2) Local Deformation
Metallic material consists of many crystal grains. The
orientation of the grains affects local deformation be-
haviors. The rotation and the shear of the grains were
considered and given by Eq.16 and Eq.17. It was as-
sumed that these values were proportionally increased

TABLE I
3 PARAMETER VALUES OF EACH LOAD STEP IN GLOBAL DEFORMATION

24'/0,1.- " # %
IJ 6"K"LM! " 9=<
!"J 6"K"LM! " 9=<
!IJ 6"K"M!II " !"""
L"J 6"K"INI " N""
L5J 6"K!L " M""

TABLE II
TOTAL NUMBER OF DISPERSED PARTICLE AT EACH LOAD STEP

24'/0,1.- 141'20=@$;.&04<
/+,-.&,./0-'&1+(2.,

"J L""""
IJ !O"NM
!"J !P!Q5
!IJ !NL"!
L"J !Q55P
L5J !IM55

with increasing the global strain given by Eq.15.

θrot = εz (r, θ, z)N (0, Crot/3) , (16)
γshear = Cshear|εz (r, θ, z) |, (17)

where N is a normal distribution. Crot and Cshear are
fitting parameters. These parameters in the present study
were set as follows: Crot = 5 deg, Cshear = 1.

3) Volumetric Errors in observation
The volumes of dispersed particles are changed when-
ever a 3D-CT image is taken. The errors were simulated
based on actual volumetric differences of dispersed
particles observed in SPring-8. Here, the radius of a
sphere r corresponding to a volume V is calculated by
Eq.18.

r = 3

√
3V

4π
. (18)

Actual observation of dispersed particle found that vol-
umetric errors obey a normal distribution. Therefore, we
defined the radial error ∆r as Eq.19.

∆r = r · N (0, rerr/3) , (19)

where N is a normal random number. eerr was set to
5% based on actual observation. The volume including
the error V ′ is obtained by Eq.20.

V ′ =
4
3

(r + ∆r)3 . (20)

The dispersed particles were regard as disappeared when
they got out of the imaging range due to deformation. The
total number of dispersed particles at each load step is shown
in Table.II.
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TABLE III
TOTAL NUMBERS OF LANDMARKS

2'=/$'&)
1A&.,A42/

M""""
H4?.2,

5I"""
H4?.2,

5""""
H4?.2,

LI"""
H4?.2,

"J 55 IM PP !"O
IJ 55 MO PQ !"P
!"J 55 MO PL !"N
!IJ 5L MP NP !"!
L"J 5L MN NQ !"5
L5J 5" MQ NL OO

TABLE IV
TOTAL NUMBERS OF MATCHING CANDIDATES OF LANDMARKS

2'=/$'&)
1A&.,A42/

M""""
H4?.2,

5I"""
H4?.2,

5""""
H4?.2,

LI"""
H4?.2,

"J QN !"! !!I !NL
IJ QN OI !L5 !P!
!"J QM O5 !L5 !N"
!IJ Q5 PO !!M !QI
L"J QM PN !!Q !QI
L5J Q! NP !"Q !IQ

B. Matching experiments and results

In our study, four landmark thresholds were given as 40,000,
35,000, 30,000 and 25,000 voxels. Table.III shows the total
numbers of landmarks which were selected from a model
before deformation. The numbers depends on a landmark
threshold and the load step of the model before deforma-
tion. On the other hand, the dispersed particles larger than
Vth(1−RC) voxels were selected as the matching candidates
of landmarks from the model after deformation. As explained
in II-A1, RC is the allowable volume change. It is highly
probable that the total number of candidates is more than
that of landmarks due to the lower threshold. Total candidate
numbers are shown in Table.IV.

The parameters used in our method were set as shown
in Table.V. As described in Section IV, ten iterations of
non-landmark estimation at each landmark threshold were
conducted while 80% of the landmarks was randomly selected.
The best matching result was adopted by evaluating the sum
of average ratios of expansion and contraction.

Matching experiments were conducted with four selecting
combinations of the model before and after deformation:

(a) The model before deformation was fixed as load step
0%. The model after deformation was the other load
step.

(b) The model before and after deformation of (a) were
counterchanged.

(c) The model before and after deformation were adja-
cent load steps.

TABLE V
PARAMETERS USED IN OUR METHOD

B224R';2.0H42@$.0(A'=:.0ST%U L"J
V4&,10&'1+404<

.?-'=,+4=0'=/0(4=1&'(1+4=0SVU !

741'20=@$;.&04<03DW0-'&1+(2., I
D.'&(A0(4@=104<03DW I

T'=/4$02'=/$'&)0,'$-2+=:0&'1. "KP
T'=/4$02'=/$'&)0,'$-2+=:0(4@=10 !"

(d) The model before and after deformation of (c) were
counterchanged

(a) and (b) confirm the reliability of our matching approach.
Meanwhile, (c) and (d) are assumed for actual matching.

Matching results were evaluated by two indexes: precision
and recall. They are calculated by Eq.21.

precision = R/N, recall = R/C, (21)

where C, N and R are the total number of the dispersed
particles which should be matched, which was matched and
which was correctly matched, respectively. In our study, pre-
cision is more important than recall because there are more
than enough dispersed particles to evaluate D/F characteristic
and fewer mismatching is preferable.

Tables VI show the matching results. In Table (a), the
matching rates decrease with increasing the strain rate. Land-
mark disappearance before deformation negatively affected
the relaxation method. Landmarks should be limited by their
position so that they exist in both the model before and after
deformation.

Compared with the other combinations, larger landmark
thresholds tended to be select for the best matching result.
To examine this result, the matching result of each volume
threshold at 0%-15% is shown in Table.VII. In this matching,
all landmarks were used for non-landmark estimation. As a
result, landmark precision was approximately equal. However,
it is easier to reject mismatching from fewer landmarks
by random sampling. Therefore, larger landmark thresholds
tended to be adopted.

At 0%-20%, although all landmarks were correctly matched,
mismatching occurred in the overall results. Fewer landmarks
were insufficient to estimate non-landmark displacement vec-
tors in large deformation.

The result of (b) is better than that of (a). It was found that
the relaxation method is resistant to noises which occurred in
the model after deformation.

As shown in (c) and (d), overall precision was achieved
more than 99% at every matching. The results are enough to
evaluate D/F characteristics of a material.

VI. CONCLUSION

To evaluate internal thorough material characteristics in
deformation, we propose the analysis method which obtains
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TABLE VI
MATCHING RESULTS

(a) Results of when the model before deformation was fixed as 0%
& 04<0TXY

-&.(+,+4= &.('22 -&.(+,+4= &.('22 S!")U
!""J !""J OOKOOJ OOKOOJ
O!ZO! O!ZO! !O"NLZ!O"NM !O"NLZ!O"NM
!""J !""J OOKQIJ ONKMOJ
QOZQO QOZQO !NN"NZ!NNN" !NN"NZ!P!Q5
OQJ OQJ OQKLOJ O"K5!J
LNZLP LNZLP !II5IZ!Q!55 !II5IZ!NL"!
!""J !""J OIKQNJ PPK!5J
5"Z5" 5"Z5" !M5OOZ!I"I" !M5OOZ!Q55P
POJ OLJ NQK5!J I!KIIJ
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(b) Results of when the model before and after deformation of (a) were
counterchanged
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(c) Result between adjacent load steps
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(d) Result of when the model before and after deformation of (c) were
counterchanged
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displacement vectors of dispersed particles between defor-
mation from nano-order 3D-CT images. In this paper, we
improved our matching approach. To achieve more robust
matching and eliminate the need to determine the best land-
mark threshold, our method prepared a number of landmark
thresholds. Then, each matching was performed in parallel.
Non-landmark estimation was iterated while a percentage
of the landmarks was randomly selected. k of a RBF was
optimally-estimated by PSO. To reduce mismatching, overlap

TABLE VII
RESULT OF MATCHING LOAD STEP 0%-15%
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[1A

all landmarks were used for non-landmark estimation

matching was deleted. Overall precision was achieved more
than 99% at every matching between adjacent load steps.

In further work, mismatching except overlap matching will
be dealt. As the final goal of the study, some experiments
under various real tests will be conducted.
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